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When a pipe, connected to reservoirs at both ends, is subjected to an oscillating
compression and expansion, fluid is alternately squeezed into and out of the reservoirs,
causing a considerable amount of dissipation. This and two other related geometries
(involving a symmetrical channel, and a pair of circular disks) are analysed for their
flow patterns and energy dissipation, as a function of frequency. It is found that,
under certain circumstances, the impedance due to transverse flow can greatly exceed
the acoustical impedance (due to longitudinal flow).

1. Introduction

The calculations we shall describe came about as a result of an examination of the
energy losses caused by viscous fluid flow in the active volume of a condenser micro-
phone. Because energy loss adversely affects their efficiency, condenser microphones
are designed to minimize this effect. Therefore, in the context of condenser micro-
phones, our calculation can be employed to indicate when such losses might present
a problem. However, the problem is so general, and the solution is so straightforward,
that we believe our results to be of broader interest.

A condenser microphone or transmitter consists of a tightly stretched, electrically
conducting, diaphragm which is placed a small distance % above a metallic backplate
(Wente 1917). In the transmitter mode, a time-varying voltage difference between the
diaphragm and backplate causes a time-varying force to act on the diaphragm,
bringing it into motion, and thus generating sound in the fluid in which it is immersed.
Indeed, this is the same principle employed in an electrostatic speaker. In the micro-
phone mode, incident sound causes the diaphragm to move, thus changing the capaci-
tance of the diaphragm-backplate system, and producing an electric current to or
from a voltage source as the system attempts to maintain a fixed voltage difference
between the diaphiagm and the backplate. Viscous loss inevitably occurs when the
fluid is forced about by the motion of the diaphragm. In at least one type of geometry,
this viscous loss can be quite significant. It can occur if the backplate is not flat, but
rather has holes or annular ridges cut in it, and the characteristic contact distance
(the square root of the contact area) between diaphragm and backplate is much larger
than their separation k. In this case, when the diaphragm moves toward the backplate,
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fluid is squeezed out of the near region, into the regions further from the diaphragm,
and viscous dissipation occurs. If the viscous penetration depth & is small compared
with %, the fluid flow will involve energy losses primarily near the diaphragm and near
the backplates; on the other hand, if § > h, one has a slowly modulated form of
Poiseuille flow, in which the losses occur throughout the volume of the system.

We will model this problem for three geometries. First, we will consider two-
dimensional low through a symmetrical channel whose walls are uniformly oscillating
at an angular frequency w; secondly, the separation between two circular plates will
be varied; and thirdly, the radius of a pipe will be varied. In each case it will be
assumed that there is a fluid reservoir at pressure p, so that the fluid has room to move,
and thus behaves as if it is incompressible. (This requires that the characteristic
wavelength A = 27¢c/w of sound be large compared to the characteristic channel
length. Here ¢ is the sound velocity.) In addition, we will consider only small-
amplitude oscillations, so that the equations may be linearized.

Some work has been done which bears on the present paper. Secomb (1978) has
studied small-amplitude oscillations in the channel and pipe geometries, with an
interest in arterial blood flow. The pipe geometry has also been studied, for monotonic
compression and expansion, including finite amplitude effects, by Uchida & Aoki
(1977); they also had an interest in blood flow. The disk geometry, with one disk
fixed, has been studied also. First, slow compression (or expansion) is treated in
Landau & Liftshitz (1959), being attributed to Reynolds. In addition, Terrill (1969)
has treated the case where one disk oscillates, including some finite-amplitude effects;
his interest was in problems associated with lubrication. None of these papers consider
either power loss or acoustic impedance, which is the primary concern of the present

paper.

2. Flow solutions
We will look for solutions to the linearized mass and momentum conservation
equations, considering the fluid to be incompressible. Thus we write the fluid velocity

as
V=v+V,, (1)
where

v, =Vg, Vig=0 (2)

describes the longitudinal part of the solution, and
ovy .
7V3v, = Py = —wpVa, V.vy=0. (3)

describes the transverse part of the solution. (In (3) we have taken v, to vary as
e—‘iwt.)

Rather than derive in detail the solutions for the various geometries, we will merely
state what the solutions are, considering the geometries in succession.

(@) Symmetrical channel
Consider a channel of height 2a and length 2I. We will assume symmetrical flow about
its centre, so that under compression of the plates, fluid moves to the right or left
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according to whether it is to the right or left of the midpoint of the plates. We will also
impose the boundary condition that, at the plate boundaries, the fluid displacement &
is given by

&z, y = +a) = +jEe ™, (4)

where £ < a, and the + denotes whether we are at the upper or lower plate. Since
v = 0§/0t, this becomes the condition that
V(@Y = f£a)= £J(—iwf)e . ()

The solution to the differential equations, subject to the boundary condition given
by (5), is (With Vg = — iwg e*’iwt)

v, = Az(1— cosay/cos aa), (6)

v, = —A(y—alsinay/cosaa), (7)
where

A = yy(a-ltanaag—a)l. (8)

Since « is a complex number, these equations hide some of the complexity in this
problem, but it is helpful that they have so compact a form. In the static limit (o — 0

but finite v,), we have
v, —> V[ 32(y® — a?)/2a%], (9)

v, = vo[y(3a® —y?)/2a%]. (10)
Note that (9) and (10) agree with §4 of Secomb (1978), when the different notations
are accounted for.

(b) Circular disks

In this case the vertical disk separation is 2a¢ and the disk radius is I. The solution to
the differential equations, subject to the boundary conditionsthat v, (r,y = +a) = v,
and v,(r,y = +a)=0,is

v, = Br(1—cosay/cosaa), (11)
v, = —2B(y—a lsinay/cos aa), (12)
where
B =}y (a~tanaa —a)~L. (13)
In the static limit we have
v, > Vo[ 3r(y? — a?)/4a3], (14)
v, —> vo[y(3a% —y?)/2a3]. (15)

(¢) Pipe of oscillating radius
In this case let the radius of the tube be given by @, and let the tube have length
21 along the z direction. The solution to the differential equations, subject to the
boundary conditions v,(z,7 = a) = v, and v,(z,7 = a) = 0 is given in terms of Bessel

functions as
v, = C2[1 —Jy(ar)/Jo(aa)], (16)

v == %O[r - 2a—1Jl(ar)/J(-)(aa)]x (17)

18-2
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where
C = vo[a~1Jy(aa)/Jo(aa) — $al. (18)
In the static limit we have
v, > vo[42(r2 — a?) /a?), (19)
v, = vy[r(2a% —12)/ad]. (20)

Note that (15) and (16) agree with the appendix of Secomb (1978), when the different
notations are accounted for.

3. Stress tensor

We will continue to develop the solutions to each of the three problems by treating
their various aspects in parallel. In this section we will compute the appropriate
stress tensors and pressures. We will employ the linearized Navier-Stokes equation,

—iwpv = —Vp+79V2v =V o, (21)
where o is the stress tensor, given (for V.v ~ 0) by
0= —p0;;+7(0;v;+0;v;). ) (22)

Knowledge of v and (21) will permit us to deduce p; knowledge of p, v and (22) gives a.
We will determine p by solving

Vp = iwpv +7V2v. (23)
(a) Symmetrical channel

Here we must solve
D, p = twpv, + (02 + 02) v,, (24)

0, P = twpv, + (0% + 02)v,,. (25)
Placing (6) into (24) we find that

0,p = 1wpAx(1 — cosay/cos aa) + nAdxa? cos ay/cos aa

= twpAx,
p = hiwpAa®+f(y,1), (26)
where f(y,t) must be determined. Placing (7) into (25) yields
0,p = —itwpA(y—o~lsinay/cosaa) —ndasinoy/cos aa
= —iwpdy,
p = —}ivpdy+g(,?). (27)
Clearly, the solution to (26) and (27), subject to p = p, for (z,y) = (!, 0), is given by
P = po+ bivp Az~ —y2). (28)

For completeness, we must also compute o,,. It is given by
Oy = —P+270,v,
= —po—tiwpA (x> — 12— y?)— 29 A(1— coray/cos o). (29)
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The rate of work dP being done on the system, per unit area d4, is given by
dP/dA = a,,v (30)

vy

This must be integrated over both top and bottom surfaces. Since it is the time-
averaged quantity in which we shall be most interested, we must take only the real
parts in computing ¢, and v,. To maintain the parallelism, we shall reserve this
calculation for the next section.

(b) Circular disks

Here we will merely state our final results. The pressure, obtained from solving (23),
and subject to p = p, for (r,y) = (I, 0), is

P = po+ yiwpB(r?— 12— 2y%). (31)
The rate of work being done on the system, per unit area, is given by
dP/dA = o ,v,, (32)

and o, is given by
Oy = —P+290,v,
= —p,— YwpB(r? — 12 — 2y?) — 49 B(1 — cos ay / cos o). (33)

Again, we defer the calculation of the power input until the next section.

{c) Pipe
Again we merely state our final results. The pressure p, obtained from solving (23),
and subject to p = p, for (z,7) = (,0), is

P = Py+ 3iwpC(22— 12— }r?). (34)

Note that (34) agrees with the result of Uchida & Aoki (1977), in the limit of small
radial velocity. The rate of work being done on the system, per unit area, is given by

dP/dA = o, (35)
Oy = —p+270,v,. (36)
From (34) and (17) we have
O = — Py — 30pC (22~ 12 —12) —yC[1 — 2J1(ar) [ Jp(a)], (87)
where Jj(ar) is the derivative of J,(ar) with respect to its argument. From
oJyjox+JyJx = Jp,
where z is the argument of J, and J;, we may rewrite (37) as
O, = — Po— ywpC(2?2 — 12— Lr?) — pC{1 — 2[Jy(ar) — a r 1y (ar)]/Jy(xa)}. (38)

Again we defer the calculation of the power input until the next section.
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4. Power input

In what follows, we will compute the power input, a quantity which is second order
in the velocity. Because our first-order solution ezactly matches the boundary condition
of a moving wall, the boundary condition on the second-order solution v® is that
v® = 0 on the wall. (This is true for all the higher-order solutions.) Hence it cannot
contribute to second order, since the product of the zeroth-order stress tensor and v»
then gives zero on the wall, and the product of the second-order stress tensor and
the zeroth-order velocity v\ is also zero on the wall, since vI® = 0 everywhere. Only the
product of the first-order stress tensor and v needs to be considered in computing the
power input to second order. We also note that our linearized analysis will be valid as
long as the amplitude £ is much less than the viscous penetration depth 8 (i.e., § < ).
For £ > 0, gradients of the first-order (i.e., linearized) solutions, which appear as
source terms in the equation for the second-order solutions, can cause the second-order
solutions to be comparable in magnitude to the first-order solutions.

(@) Symmetrical channel
As a start, let us first consider the power needed to compress the channel as w — 0.
In that case, & — 0, so that 4 — 3v,/a%?3, and thus, fory = a,
Oyy > —Do—3(nvy/a®) (22— 12— a?). (39)

Since the compression is uniform, we can find the power provided by each surface
simply by multiplying the force on each surface by the area of each surface. For this
geometry we will work with the force of compression f per unit length dL along the z
axis. Thus, neglecting the a? term in (39),

1
f =f Oy dx = = 2[py— v, 1/a?], (40)
-1

dP/dL = 2fvy = — 4p,v,l+ 49vil3/ad. (41)

Since v, is negative in compression, this is indeed a positive quantity. Besides the pyv,
term, which would not appear if the channel were immersed in fluid on all sides (due
to compensating stresses on the outer walls of the channel), there is an additional
viscous term. (Properly, the a? term in (39) cannot be considered to be given accurately,
since the fluid flow pattern is known only if I > a.)

Let us now compute the finite frequency power input. For y = a, (29) and (8) give

O,y X —Po— biwpvy(a~ltanaa—a)~! (22— 12). (42)

To evaluate the time-average of the power per unit area dP/dA, we note, for an
oscillation of two complex quantities 4 and B, each of period 7', that

71 f "Re (4) x Re (B)dt = } Re (AB¥). (43)
0

Hence (30), becomes where 4 denotes the time-average of 4,

dP/dA = o v, = } Re(0,,v5)
= }wp|v,|*(2? —1?) Im [(~' tan aa — a)™1], (44)



Transverse flow driven by oscillating walls 551

where a = (iwp/9)t = (1 +14)/8, with § = (29/wp)} being the viscous penetration depth.
Integrating from —~!Ito +1, and including top and bottom, we have

dP/dL = — §wp|vy|H*Im [(¢~! tan aa —a)~1], (45)

which agrees with the second term of (41) as w — 0. An explicit expression for the
bracketed term in (45) can be obtained after some tedious algebra, but it provides
little illumination. In the high-frequency limit (by which we mean that |x|a > 1, or
a > 8, so that potential flow dominates), it takes the form

(e ltanaa—a)! > —a~[1+(1+14)8/2a],
so that
aPAL ~ Joplo,|?1°8/a* = $(2npw)t [vo|P/a?. (46)

This differs from the a < 8limit (of (41)) by a factor of (a/68). Hence the time-averaged
power dissipation can be expected to slowly rise as the frequency increases, provided
that |vo| is independent of frequency. On the other hand, if the amplitude £ is inde-
pendent of frequency, then |v,| varies as w, and the time-averaged power dissipation
rises much more rapidly, starting as w? at low , and going as w? at high o.

(b) Circular disks
Fory = aand r,l > a, (33) and (13) give

o —Po— Yiwpvy(atanaa —a)1 (r2 —12). (47)

w ™~

Integrating this over the area of a disk gives
1
F,= f o,,(2mrdr)y = —mpolB+1 181_ wpvylfatanaa—a)l. (48)
0

In the w — 0 limit this gives
F,— —mp,l* + §mypv,lt/ad, (49)
P = 2F, v, = —2mp,vol2+ §mypv}lt/ad. (50)
In the high-frequency limit (48) gives (neglecting the p, term)
F, > —Yinwpy,lt(a= +18/2a3), (51)
P = 2Re(F,)Re (v,) = Re (F,v})
= fam(2ypw)t |v,|21*/a2. (52)
More generally, we have, for finite w, that
P = Re (F,v¥) = — }mwp|vy|®4Im [(a~ tan a a —a)~1]. (53)
(c) Pipe
For r = a and 2,1 > a, (18) and (38) give

O & —Po— biwpvg[a~iJy(aa)/Jy(aa) — ta] ™ (22— B3). (54)
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Integrating this over the area of the pipe gives
1
F, = f o, 2madz
~1

= —4mpyal + tmiwpy, PalaJ (aa) /Jy(oa) — $a]~L. (55)
In the w — 0 limit this gives
64mnv, I3

3a? (56)

F.— —dmwpyal +
In the high-frequency limit, where a > 8, (55) requires that we employ, for |z| — oo
and z = |z| e with — {7 < ¢ < }m,
J,(2) = (2/m2) cos [z — §m(n + §)). (57)
Here we have z = aa = (,/2 a/8) et" = (a/8) (1+74), so
J(xa) - (2 Se~¥m/ma)teos [2/8 — Inm(n+ L) +ia/d]

~ (/2 8/4na)texp{—ila/d — tmn]+a/d}. (58)
Thus, fora > 8,
[t (o) [ y(ar) — Sal~1 = (2/a) ({2 (6/a) elin _ 171

~ —(2/a)(1+1d/a). (59)
Hence, neglecting the p, term, in the high-frequency limit (55) gives
F, - —$inwpv,3(1 +1d/a), (60)

P =Re (F)Re (v)) = } Re (F,2§)
= &m(2npw)t |vy|3/a. (61)
More generally we have, for finite w, that

= — Bwplog|PPa Im {{a- 1, (aa) [ Jy(aa) — 3a]~Y). (62)

5. Acoustic impedance

Because this work was originally motivated by a problem in acoustics, we will
take our calculations one step further, and compute the average acoustic impedance

z=p/v. (63)

Here p is the average force per unit area, excluding the background pressure, and v
is the velocity of the surface. A large value of z indicates a surface that is hard to move.
Note thatin what follows, we mustemploy z = — p/v, since for our geometries a positive
v corresponds to a decrease in p, and we must have Re (z) > 0 for energy absorption.
We first consider the low-frequency values. For the symmetrical channel, (40) gives

z = ni2/ad. (64)
For the circular disks, (49) gives
2 = $nl2/ad. (65)
For the pipe, (56) gives
z = 18902 /a3, (66)



Transverse flow driven by oscillating walls 553

pe 7 yi*/a®
Air (STP) 4-0 x 101 1-8x 104 1-8 x 102
Water (STP) 1-5 x 105 1-0 x 10-2 10 x 10%
%He (20 mK, P = 0)t 1-5 x 10 46 x10-3 4-6 x 10°

Herel = 1 cm, ¢ = 10-2 cm.
1 Wheatley 1975.

TaBLE 1
7/p § = (29/wp)} wpl*/a wpl?8/a?
Air (STP) 1-5x 10-1 2.2 x 10-3 7.5 x 108 1-7 x 108
Water (STP) 1-0 x 102 5-6x 10— 6-3 x 108 3-5x 105
3He (20 mK, P = 0)t 5-6x 10— 1-3x10-3 5-2x 108 6-7 x 104

Here w = 27 x 108 s 1, { = 1cm, a = 10 cm.
t Wheatley 1975.

TABLE 2

For air at room temperature and atmosphere pressure (STP) we have 7 = 1-8 x
104 cgs, so that if I = 1 emand @ = 102 cm, %{2/a® = 180 cgs. This is to be compared
to pc, the usual bulk acoustic impedance, which for air at STP is about 40 cgs. In
other words, if the fluid being compressed is confined to a narrow region, it has a
large impedance, or resistance, to compression, simply due to viscous effects. This is
well known in the study of lubrication. The values for water at STP, and for liquid
3He at 20 x 103 K and zero pressure are given in table 1, for the same geometry.

We now consider the high-frequency limit, where a > § = (27/wp)?. As a standard
frequency we will take 10* Hz, a not uncommon acoustic frequency, although it is
considerably higher than what one could confront in a mechanical system (such as
a pump). The acoustic impedance for the symmetrical channel becomes, from (42)
averaged from —1Ito +1, '

z = —itwp(i?/a) (1+1i0/2a). (67)

The imaginary part is an inertial effect due to potential flow induced in the fluid.
The real part corresponds to actual losses in the system. For a circular disk, from (51)
we have

z = —ifwp(l?/a)(1+1i8/2a). (68)
For a pipe, from (60) we have
z = —ikwp(lt/a) (1 +id/a). (69)

Representative values of wpl?/a and wpl?/a® are given in the last two columns of
table 2. ‘

Comparing pc and wpl?§/a? for liquid *He at 20 mK, P = 0, and 10* Hz, we see
that the latter quantity, due to viscous loss, is forty times as large as the former
quantity, due to acoustic transmission. Clearly, under such circumstances it would be
necessary to include the viscous contribution to the total impedance. Probably it
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would be preferable, in the context of condenser microphone design, to eliminate such
effects as much as possible. Nevertheless, it may often be of value to have (equations
(67)-(69)) simply in order to determine when such effects become important.

This work was supported by the DOE through the centre for Educational Affairs.
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